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This work demonstrates the application of a method to optimize
image'reconstruction algorithms on the basis of the performance
of specific visual tasks that are to be accomplished using the
reconstructed images. The evaluation of task performance is nu-
merically realized by a Monte Carlo simulation of the complete
imaging chain, including the final inference based on the recon-
structions. Fundamental to this cvaluation is that it yields an
average response by consideration of many initial scenes. It is
shown that the use of the nonnegativity constraint in the Alge-
braic Reconstruction Technique can significantly improve perfor-
mance in situations where there is a severe lack of measurements
when the relaxation factor is optimized. There is no indication
in any of the cases studied hitherto that the nonnegativity con-
straint can improve performance in situations where the data are
comp'ete, but noisy.

INTRODUCTION

The value of an image is ultimately related to how well it enables one
to perform a resired visual interpretation. This dictum is evident in the
clinical secting, where imaging systems are to be judged on the basis of their
diagnostic capabiiities. To meet the need for a valid evaluation of image
processing algorithms, I explored [Hanson, 1988a] a method to numerically
evaluate image-recovery algorithms on the basis of how well the resulting re-
constructions allow one to perform specified visual tasks. 'The capabilities of
this approach were demonstrated by studying the effect of the nonnegativity
constraint on the performance of the Algebraic Reconstruction Technique
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(ART) [Gordon et al., 1970], an iterative tomographic reconstruction algo-
rithm, in a specific imaging problem. In the first study [Hanson, 1988a| the
task was simple detection cf small discs and the performance index was the
detectability index d’. The nonnegativity constraint was found to improve
detection for an insufficiency of data by about a factor of three. Optimiza-
tion of constrained ART by a proper choice of the relaxation factor rasulted
in even better detectability (Hanson, 1988b], gaining about another factor of
ten. A number of other high-order visual tasks are interesting. The value of
considering such high-order visual tasks is that they rely on the Ligher spatial
frequencies in the reconstruction, which are believed to dominate the perfor-
mance of other high-order tasks such as medical diagnosis [Hanson, 1983].
Optimization of ART with respect to one of these, estimation of object lo-
catiun, has already been reported [Hanson, 1989).

In this work I extend the range of visual tasks to include another high-
order task, the discriminatior. of binary pointlike objects from a single object.
I also investigate the effect on object detection when the background is not
known a priori. This task is interesting because it is conjectured that the
human observer cannot incorporate the known background level into his
decision in an absolute way and so must estimate the background locally. In
this presentation I summarize the results of optimization of the constrained
ART algorithm with respect to the performance of the above visual tasks
and compare them with standard measures of the fidelity of reconstructed
images.

METHOD

The overall method for evaluating a reconstruction algorithm used here
has been described before (Hanson, 1988a]. In this method one numerically
evaluates a task performance index for a specified imaging situation. This
technique consists of a Monte Carlo simulation of the entire imaging pro-
cess including randor scene generation, data taking, reconstruction, and
performance of the specified task. The accuracy of the task performance
is determined by comparison of the rerults with the known original scene
using an appropriate figure of merit. Repetition of this process for many
randomly generated scenes provides a statistically significant estimatec of the
performance index. When the ability to perform a task is marginal, task
performance is inherently a statistical question. This is clearly true when
data are significantly degraded by random noise. But, it also is often true
in measurement geometries in which the data are limited. The artifacts
produced by the an:biguities arising from the lack of data depend -n the
scene, As the scen:s vary in an uncontrollable manner, so do the artifacts.
[nterpretation of the image can thus vary from one scene to the next in a
random fashion.

An advantage of the Monte Carlo method is that the recorstruction al-



gorithm may be optimized for any fixed number of iterations. Alternatively,
the number of iterations may be varied to achieve the optimum performance
for algorithms that tend to diverge after many iterations. Such behavior is
observed [Veklerov and Llacer, 1987} in the EM (Estimation Maximization)
algorithm and, when confronted by inconsistent data, some implementations
of ART [Gordon et al., 1970].

Mc.t of the tasks addressed in this paper are based on the estimation
of parameters associated with an assumed object. The parameter values
are estimated for a given set of data by using a minimum chi-squared (x?)
fitting procedure, which essentially finds the parameter set that best match
the data. This procedure is equivalent to maximum likelihood estimation
[Hanson, 1984] when the measurement noise is gaussian distributed and un-
correlated. For measurements of constant noise variance, tnis procedure
amounts to minimizing the mean square residuals, known simply as least-
squares estimation. The fitting algorithm I use is essentially identical to
the CHIFIT program precented by Bevington [Bevington, 1969] for fitting a
nonlinear function of the parameters. Nonlincar estimation is neccesary be-
cause the function describing an object is nonlinearly related to its position
and its width.

The Algebraic Reconstruction Technique (ART) [Gordon et al., 1970] is
an iterative algorithm that reconstructs a function from its projections. To
define the relaxation parameters to be discussed shortly, a brief description of
the algorithm follows. Assume that IV projections of the unknown function
f are measured. Considering these measurements to be a vector, the ith
measurement is written as

gl':Hify 1= 1""$N7 (1)

where H; is the corresponding row of the measurement matri.c. An initial
guess is made; for example, f® = 0. In the ART algorithm the estimate is
updated by iterating on the individual measurements one at a time:

; — H; h
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where f* is the kth estimate of the image vector f, i = k mod(N)+1, and
A" is a relaxation factor for the kth update. In constrained ART, a non-
negativity constraint is enforced by setting any coinponent of f*+! to zero
that has been made negative by the above updating procedure. The index
K indicates the iteration number (K = int(k/N)), which, in the standard
nomenclature, corresponds to one pass through all N measurements. Ten
iterations were used to obtain all the results reported here. The relaxation
factor is expressed as

AK = Ag(ra)K-1, (3)



The proper choice of the relaxation parameters Ao and rj is the crux of
optimization of the AKRT algorithm. The literature offers meager guidance
as to the choice of the relaxation factor [Hanson, 1988b)].

RESULTS

In previous publications I dealt with scenes composed of twenty ran-
domly placed nonoverlapping discs, ten with an amplitude of 1.0 and ten
with 0.1, superimposed on a background of zero. The discs were all 8 pixels
in diameier and the size of the reconstruction was 128 x 128. Each evalua-
tion of the reconstruction algorithm involved averaging the response to ten
different, but similar scenes. In the first study [Hanson, 1988b] the focus
was on the simple detection task in which it is assumed that the observer
knows the position and shape of the object as well as the background. The
decision variable was taken to be simply the average value of the reconstruc-
tion calculated over the area of the disc. The relaxation factor parameters
were optimized with respect to the detectability index d g1, which is based
on the two histograms of the decision variable for regions where the objects
are known to be present and separately for regions where there is no object.
The optimization of constreined ART resulted in a major increase in dpgr
as well as much improved apparent image quality.

In another study [Hanson, 1989] I looked at a different type of task,
namely object localization. In that study, the position of the discs was esti-
mated using the minimum x? fitting procedure. The reconstruction values
in circular regions surrounding each known disc were used as the input data.
The diameter of the circular fit regions was chosen to be 14 pixels. The
function used to fit thiese values was a disc with slightly tapered edges. The
amplitude and the position of the disc were allowed to vary in the fit while
the disc diameter and edge taper were fixed. The background was assumed
te be zero. The rms error in the position of the discs, o, was used as the
optimization function. it is seen in Fig. 1 that this function is very similar
to 1/dpgr for both the low-contrast and high-contrast discs. It is noted
however that the position uncertainty for the high-contrast discs does not
deteriorate as quickly as one apprcaches the upper righthand corner as does
that for the low-contrast discs.

I have recently addressed the task of detection of the discs when the
background is unknown. This task is easily handled within the framework
of the minimum x? procedure by varying the amplitiude of the disc and the
value of an assurned flat background in the fitting procedure. The optimum
choice for the diameter of the fit region is found to be 14 pixels for the type
of scenes used. The resulting estimated amplitude nf the disc is taken to be
the proper decision variable. It is seen in Fig. 1 that the detectability in-
dex derivzd from this analysis, d/,ppr, has a dependence on the relaxation
parameters similar to that of dppr, but that it is offset by a substantial
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Figure 1: Contour plots of four optimisation functions based on task per-
formance plotted as a function of the relaxation parameters Ao and r) used
in 10 iterations of the constrained ART reconstruction algorithm. The mea-
surement data consist of 12 noiseless, parallel projections spanning 180°
and the source images consist of 10 high-contrast and 10 low-contrast discs,
all randomly placed. The functions are dpgy, the detectability index for
the low-constrast discs; d,;4pr, the detectability index based on fitting the
amplitude of the low-contrast discs together with a flat background; and
oA, the rms uncertainty in the position of the discs (shown for both low-
and high-contrast discs). The coarse sampling (10 x 10 points) of these
functions, necessitated by the lengthy computation time required for each
function evaluation, accounts for the slight scalloping effects.



amount. The lack of a priori knowledge of the background decreases de-
tectability at the minimum by about a factor of 2.6. One might expect a
worsening of the detectability in this case, but not by such a large amount.
On the basis of stationary uncorrelated noise, one expects about a 20% de-
crease in detectability caused by the necessity to estimate the background.
A large part of the observed degradatior comes from the contribution to
d’, mpy, that arises from sampling the background of the reconstruction. The
size of the suggested values of the rclaxation factors is perhaps surprising
since values near unity are most often used. However, this is explained by
the observation that the nonnegativity constraint thwarts any negative up-
dates made in regions where the reconstruction is already zeto. Thus more
emphasis must be given to the updates to make them effective in matching
the measurements.

Figure 2 shows contour plots for several standard measures of the quality
of reconstructions. Two of these functions are measures of the vector-space
distance hetween the reconstruction and the original image; the rms error is
based on the L2 norm of the difference (the square root of the mean squared
value of the pixel differences) and the L1 error is based on the L1 norm (the
mean vaiue of the absolute differences). The rms error gives more emphasis
to large deviations than the L1 error. The third function measures how
closely the projections of the reconstruction match the data. It is called
here the rms residual (the rms value of the difference between the data and
the projections of the reconstruction), which is not directly related to the
reconstruction per se.

All the optimization functions displayed in Figs. 1 and 2 indicate the
upper righthand corner of the Ag - r) space is undesirable. However, careful
inspection of the plots reveals that both the rms error and L1 error permit
operation much closer to the corner than do any of the task performance in-
dices. It was shown that an operating point chosen to minimize the rms error
resulted in more artifacts and considerably poorer detectability d gy than
optimization based on d g itself (Hanson, 1988b]. The additional artifacts
were not very large, but they had a significant effect on the detectability of
the low-contrast discs. From the plots, it is observed that optimization with
respect to the L1 error would not degrade the detection of the low-contrast
discs very much. In fact, it has been suggested [Yeung and Hermar, 1989)
on the basis of a study very similar to this one that the L1 error might be
better than the rms error for judging the quality of reconstructions. How-
ever, such a conclusion cannot be drawn on the basis of a single test. There
are a number of reasons to be suspicious of the L1 error, as will be pointed
out below.

The point of using task performance as a basis for the evaluation of
reconstructed images is that it focuses on what is important to accomplish
t! . desired goal. Summary measures of iniage reconstruction quality, such as
- as error and L1 error, are not specific enough to be good indicators of how
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Figure 2: Contour plots of three functions often used to measure the quality
of reconstructions. These functions were g-uerated for the same reconstruc-
tions employed in Fig. 1. The measurement data consist of 12 noiseless,
parallel projections spanning 180°. Although these functions generally have
charscteristics similar to those based on task performance, they differ in
essential details.



well one car perform specific tasks. For example, in the present case dealing
with objects of different amplitudes, detection of the low-contrast discs is
very sensitive to slight artifacts in the background regions. On the other
hand, the rras error and L1 error can ea:ily be overpowered by the rather
large errors associated with and surrounding the high-contrast objects. Since
these regions are not of interest for detection of the low-contrast discs, the
irrelevance of these measures to this task is obvious. In their favor, it may
be said that the rms error and L1 error are easily calculated. Also when
reconstructions are dominated by random noise and not by artifacts, in some
situations it is possible to relate the accuracy of parameter estimation to the
rms error using the standard method to propagate errors.

I next consider the task of binary discrimination, which is a revised
version of the famous Raleigh criterion. The task is to determine whether
a detected pointlike object is a single star or a binary pair. Figure 3 shows
the first test image in the sequence used to evaluate the performance of this
task. Each scene consists of eight binary objects and eight single objects.
The binary objects conrist of two 2D gaussian funciions, each with a full-
width at half maximum (fwhm) of 4 pixels and an amplitude of 0.5. The
separation parameter, defined as the distance be..ieen the two gaussians
divided by their fwhm width in the direction of their separation, is 1.5. The
singlets are asymmetric gaussians with a width of 10 pixels (fwhm) along
the principal axis and a 7idth of 4 pixels (fwhm) ‘n the orthogonal direction.
Their emplitude is 0.42. These parameters pr.vide the best match to the
doublets specified above as determined by fitting the doublets with a single
gaussian. The principal axes and the pusitions of these objects are randomly
chosen, with the only restriction being that the objects not be too close to
each other. The task is to decide whether the objects are singlets or doublets
without regard for asymmetries in object shape. This criterion requires that
there be ample evidence of two peaks to call it a binary. The method used to
pertorm this task is based on the minimum x? fit to circular regions, 20 pixels
in diameter, centered on the original objects. In the fit, the amplitude, the
position, the angle of the principal axis, the width along and perpendicular
to the principal axis, the value of the flat background and the separation
parameter are all varied. Since there may be multiple minima in this eight
dimensional space, especially in the direction of the tilt angle, each data set
is fit six different times with 1andomly chosen initial angles. In haif of these
trials, the sep~ration parameter is set to zero and in the other half, to a value
of 1.5 to adequately sample both possibilitiss. The separation parameter is
used as the decision variable to calculate the binary discrimination index
dpn in the same way as is done for the detectability index [Hanson, 1988a).

The reconstructions obtained with 10 iterations of unconstrained and
constrained ART for 12 paiallel, noiseless projections covering 18¢° are
showvn in Fig. 3. The nonnegativity constraini brings about a dramatic
reduction in the backgiound clutter caused by the artifacts emanating from



Figure 3: The first image (top) in the sequence of 10 trials used to test
binary discrimination. The reconstruction (bottom left) obtained with 10
iterat.ons of the unconstrained ART reconstruction algorithm for relaxation
parameters Ao = 1.0 and ry = 0.850 and that obtained with constrained ART
for A\ = 3.17 and rp, = 0.97 (bottom right) both for measurement data
consisting of 12 noiseless, parallel projections spanning 180°. In the latter
case, the relaxation parameters represent those that yield the largest binary
discriminability, d j;ny = 5.04. For the unconstrained reconstructions, d iy
= 0.89, which is relatively insensitive to the relaxation parameters.
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Figure 4: Contour plot of the optimization function based on binary discrim-
ination. The measurement data consist of 12 noiseless, parallel projections
spanning 180°. The irregular behavior is caused by the random search used
in the minimum x? ~rocedure to find the glcbal minimum, as expleined in
the text,

&

the objects themselves. It also cleans up the objects themselves, enhancing
their definition as binary or single objecis. The binary discrimination in-
dex shoiv« an improvenuent of more than a factor of five. The nonnegativity
constraint leads to a decrease in the rms error of from 0.040 to 0.014 and
likewise in the L1 error of from 0.023 to 0.005. The rms residual, however,
increases from 0.026 to 0.108. This increase is not unreasonable as the ART
algorithm, under certain circunstances, provides the least square residual
solution with minimum norm [Censor et al., 1983]. If this is the case, the
addition of a side constraint can only increase the rms residual.

Figure 4 shows the contour plot for the binary discrimination index.
Because the scenes are chosen to have roughly the same fraction of its area
nonzero as in the disc images used in ihe earlier studies, it is expected that
the optimization map for the binary discrimination problem will be similar.
Indeed this expectation is more or less fulfilled. The lack of smoothness in
this function is attributed to the random starting values of the parameters
used in the fitting procedure.

Figure 5 shows reconstructions obtained from plentiful but noisy data.
Gaussian-distributed random numbers are added to the projections to sim-
ulate the effects of noise. The rms value of the n ise is 4. For comparison,
the peak amplitude of the projections of one of t .e individual gaussians is
about 1.8. At first, the constrained reconstruction appears to be much bet-
ter than the unconstrained one. However, closer examination reveals that
although the noise in the background region of the reconstruction is drasti-
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Figure 5: The reconstruction (left) obtained with 10 iterations of the uncon-
strained ART reconstruction algorithm and the unconstrained reconstruc-
tion (right) both for relaxation parameters Ao = 0.2 and r) = 0.80 and for
measurement data consisting of 100 paralle!l projections spanning 180° with
additive gaussian noise (rms value = 4). For the 10 unconstrained recon-

structions, dj;y = 2.59 and for the constrained reconstructions, dp;y =
2.56.

cally reduced by the nonnegativity constraint, there is little change in the
shape and amplitude of the objects. The Monte Carlo evaluation (bazed
on ten scenes) finds the binary discriminability for the constrained recon-
structions is essentially identical to that for the unconstrained ones. This
conclusion mirrors what was observed for the other visual tasks under the
same data-taking conditions. For example, detection of low-contrast discs
was not improved despite the apparent decrease in the background nnise.
The lack of improved performance is contrary to the observed decrease in
the rms error from 0.048 to 0.028, and the ever. larger relative decrease in the
L1 error from 0.032 to 0.010 that attends the invocation of the nonnegativity
constraint. Thus, to use either of these as a measure of reconstruction qual-
ity would be grossly misleading. The reason why task performance does not
follow the rms error in this case is undoubtedly related to the introduction
of the nonlinear constraint, which disrupts the properties of the noise. The
nornegativity constraint has the effect of increasing the rms residual slightly
from 1.77 to 1.91,

SUMMARY

I have shown that in imaging situations in which the data are incomplete,
the optimization of constrained ART reaiized through a judicious selection of

1



the relaxation factor can significantly iinprove the performance of a variety
of visual tasks based on the reconstructions. The nonnegativity constraint
yields no improvement in task performance when the data are comiplete, but
noisy. For unconstrained ART, little improvement can be achieved through
optimization.

The optimization functions based on the performance of all the visual
tasks studied to date show similar trends as a function of the t wo relaxation
parameters Ao and r). The optimum operating points in terms of these
parameters vary with the data-taking situation, but they are nearly the same
for both of these tasks. From the contour plots presented here, it is clear
that an optimization function that consisted of a weighted sum of all the
tasks presented here would have a broad valley, and the optimwn operating
point obtained would not much affect the performance of any indivual task.

T.oe use of either the rms error or the L1 error as a basis for the eval-
uatiou of reconstruction algorithms seems unwise. Optimization of these,
particularly the rms error, leads to reconstructions that are undesirable for
the purpose of performing some kinds of tasks. The nonnegativity constraint
decreases the magnitudes of both of these errors. However, in situations in
which confusion in the reconstruction is caused by measurement noise and
not artifacts, the performance of visual tasks is not improved. Hence, these
measures of image quality may be misleading.
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